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Enhanced equivariant Saito duality 

Wolfgang Ebeling and Sabir M. Gusein-Zade * 


Abstract 

In a previous paper, the authors defined an equivariant version of the 
so-called Saito duality between the monodromy zeta functions as a sort 
of Fourier transform between the Burnside rings of an abelian group and 
of its group of characters. Here a so-called enhanced Burnside ring B(G ) 
of a finite group G is defined. An element of it is represented by a finite 
G-set with a G-equivariant transformation and with characters of the 
isotropy subgroups associated to all points. One gives an enhanced ver¬ 
sion of the equivariant Saito duality. For a complex analytic G-manifold 
with a G-equivariant transformation of it one has an enhanced equiv¬ 
ariant Euler characteristic with values in a completion of B(G). It is 
proved that the (reduced) enhanced equivariant Euler characteristics of 
the Milnor fibres of Berglund-Hiibsch dual invertible polynomials coin¬ 
cide up to sign and show that this implies the result about orbifold zeta 
functions of Bei'glund-Hiibsch-Henningson dual pairs obtained earlier. 


Introduction 

In [1] V. Arnold has observed a so-called strange duality between the 14 excep¬ 
tional unimodular singularities. K. Saito has described a duality between the 
monodromy zeta functions of dual singularities 113 [IS] - The Arnold strange 
duality can be considered as a special case of the Berglund-Hiibsch mirror 
symmetry [2]. This symmetry includes a duality on the set of the so-called 
invertible polynomials: quasihomogeneous polynomials with the number of 
monomials equal to the number of variables. In [8] we gave an equivariant ver¬ 
sion of the Saito duality as a sort of Fourier transform between the Burnside 
rings of an abelian group and of its group of characters. The group of diagonal 
symmetries of an invertible polynomial is canonically isomorphic to the group 
of characters of the group of diagonal symmetries of the dual polynomial. The 
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equivariant Saito duality is a generalization of the usual Saito duality to all 
invertible polynomials. 

The Berglund-Hiibsch duality has an orbifold version |3] which considers 
a pair (/, G) consisting of an invertible polynomial and a subgroup G of the 
group of diagonal symmetries of / together with a dual pair (/, G). The notion 
of the orbifold Euler characteristic of a G-set was introduced in 0,12]. In [7] 
we have shown that the (reduced) orbifold Euler characteristic of the Milnor 
fibres of Berglund-Hubsch-Henningson dual pairs coincide up to sign. The 
notion of the orbifold monodromy zeta function was essentially defined in m 
Definition 5.10]. In p3] it was shown that the (reduced) orbifold zeta functions 
of Berglund-Hubsch-Henningson dual pairs either coincide or are inverse to 
each other (depending on the number of variables). 

Here we define a so-called enhanced Burnside ring B (G) of a finite group G 
and give an enhanced version of the equivariant Saito duality. For a complex 
analytic G-manifold with a G-equivariant transformation of it one has an en¬ 
hanced equivariant Euler characteristic with values in a completion of B{G). 
We prove that the (reduced) enhanced equivariant Euler characteristics of the 
Milnor fibres of Berglund-Hiibsch dual invertible polynomials coincide up to 
sign and show that this implies the result about orbifold zeta functions of 
Berglund-Hubsch-Henningson dual pairs from [9]. In fact a similar construc¬ 
tion for the equivariant Saito duality from [8] permits to deduce the result of 
17] from the main result of jS] directly. 

1 Enhanced Burnside ring 

Let G be a finite group. 

Definition 1 A finite enhanced G-set is a triple (.A, h, a), where: 

1) A is a finite G-set; 

2) h is a one-to-one G-equivariant map X —> X' 

3) a associates to each point x £ X a one-dimensional (complex) represen¬ 
tation a x of the isotropy subgroup G x = {a £ G : ax = a} of the point 
x so that: 

(a) for a £ G one has a ax (b ) = cc ;r (a~ 1 6a), where b £ G ax = aG x a _1 ; 

(b) a h ( x) (b) = a x (b). 

An isomorphism between two finite enhanced G-sets (A, h, a) and (A"', h', a') 
is defined in the natural way, namely it is a G-equivariant map p : X — > X' 
which satisfies the conditions p o h = h' o <p, = a x . The (Cartesian) 

product of two enhanced G-sets (A', h', a') and (A"", h", a") is the enhanced 
G-set (A ,h,a) such that A = A' x A", h(x',x") = (h'(x'), h''(x")), and for 
b £ G( x / jX //) = G x / n G x » one has a^^fib) = a' x ,(b ) • a"„ (b). 
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Definition 2 The enhanced Burnside ring B(G) of the group G is the Gro- 
thendieck group of finite enhanced G-sets with respect to the disjoint union. 
The multiplication in B(G ) is defined by the Cartesian product of enhanced 
G-sets. 

In [4], there was considered the Grothendieck ring B(G) of so-called finite 
equipped G-sets. One can say that a finite equipped G-set is an enhanced 
G-set with the map h missing. There is a natural homomorphism from the 
enhanced Burnside ring B(G ) to B(G). 


Remark 1 One can define a pre-A-ring structure (see, e.g., [13]) on the en¬ 
hanced Burnside ring B(G). Namely, one defines the symmetric power S n X of 
a finite enhanced G-set X = (A", h, a) as the triple (S n A, h/ n> , a^), where S n X 
is the nth symmetric power X n /S n of A", l/ n> is the natural map S n X — >• S n X 
induced by h and a^ is defined in [U, page 452], Then the pre-A-ring structure 
on B(G) is defined by the series 

\xp) = 1 + [x]t + [S 2 X]t 2 + [S 3 X]t 3 + ... 

As an abelian group B(G) is freely generated by the isomorphism classes of 
the irreducible enhanced G-sets X Hkk - described below. Here H is a subgroup 
of G, k is a positive integer, h is a G-equivariant map from G/H to itself which 
can be identified with an element h £ Ng(H)/H, where Nq(H ) = {a £ G : 
a~ 1 Ha = H} is the normalizer of the subgroup H , and q is a 1-dimensional 
representation of the subgroup H such that for a £ H one has 



ah) 


a (a). 


( 1 ) 


The enhanced G-set X Hk j i - is the triple (A", h, a) defined by: 

1) the G-set X is the Cartesian product ( G/H) x {0,1,..., k — 1} of the 
irreducible G-set G/H and the finite set {0,1,..., k — 1} with k elements 
and with the trivial action of G; 

2) the G-equivariant map h : X — » X is defined by 


([a ],i + 1) for i < k — 1, 

([ah], 0) for i = k — 1, 

where [a] is the class of a £ G in the quotient G/H ; 

3) a([ a ],i)(6) = a(a^ba) for b £ G^q = aHa^ 1 . 

The property ([I]) guarantees that the condition 3(b) in Definition Q] is satisfied. 
Two irreducible enhanced G-sets X H k k;s and X R , k , are isomorphic if and 
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only if k — k' and there exists g G G such that H' = gHg x , h = ghg x , and 
a'(b) = a(g- 1 bg). 

The “equipped” Burnside ring B(G) described above is generated by the 
conjugacy classes of the pairs (G/H,a), where H is a subgroup of G, a is a 
character of H. 

For some constructions below we need a completion of the enhanced Burn¬ 
side ring B(G). 

Definition 3 A locally finite enhanced G-set is a triple (A", h, a), where X is 
a G-set, h and a are like in Definition Q] such that the /i-orbit of each point 
x G X is finite and for each positive integer m the set {i e I : h m (x) = x } is 
finite. 

Let B(G) be the Grothendieck ring of locally finite enhanced G-sets. One 
can show that 13(G) is the completion of the enhanced Burnside ring B(G) 
with respect to the following filtration. For i > 0, let 

F l := {[(A, h, a)} E B(G) :Vx E X h j (x) -fix for 1 < j < i} . 

One can see that F l is an ideal in the ring B(G ) and one has the filtration 

B(G) = F° D F 1 D F 2 D ... (2) 

One can show that the ring 13(G) is the completion of the ring B(G) with 
respect to the filtration ()2|) . Each element of 13(G) can be written in a unique 
way as a series 

a H,k,h,a^H,k,h,a] 

with integer coefficients. (Elements from the enhanced Burnside ring B(G) 
are represented by series with finitely many summands.) 

2 Enhanced equivariant Euler characteristics 

For a topological G-space Y (good enough, say, a subalgebraic variety) its 
equivariant Euler characteristic y G (E) with values in the Burnside ring B(G) 
is defined (see, e.g., na, nn Equation (2)]; cf. [18]). Here we define an 
enhanced version of the equivariant Euler characteristic with values in the 
ring 13(G) for a pair (V, ip) , where V is a complex manifold with a complex 
analytic action of the group G and ip : V —» V is a G-equivariant map with 
an additional property (preservation of the “age representation”: see below). 
We assume that the manifold is from a class where all the objects below (say, 
Lefschetz numbers) are defined. This is so, for example, for quasiprojective 
manifolds, for compact complex manifolds with real boundaries and for the 
interiors of the latter ones. 


4 


Let V be a complex manifold with a complex analytic action of a finite 
group G. For a point x G V and an element g of the isotropy subgroup G x 
of x , its age (or fermion shift number) is defined in the following way ( [T9l 
Equation (3.17)], [12j Subsection 2.1]). The element g acts on the tangent 
space T X V as a complex linear operator of finite order, ft can be represented 
by a diagonal matrix with the diagonal entries e[u;i], ..., e[cn n ], where 0 < 
Ui < 1 for i — 1,..., n and e[r] := exp (27 rir) for a real number r. The age 

n 

of the element g at the point x is defined by ag e x (g) = A- The function 

i= 1 

age^ : G x —> M defines the one-dimensional representation a x : G x —* C* by 
a x (g) = e[age x (g)]. 

For a G-equivariant map p of a G-manifold (not necessarily complex) into 
itself, W. Liick and J. Rosenberg na defined an equivariant Lefschetz number 
L G (p) as an element of the Burnside ring B(G). If the manifold V is complex 
(and the G-action is complex analytic), for a point x of V the one-dimensional 
representation a x of the isotropy group G x is defined. Taking these repre¬ 
sentations into account, it is possible, for a G-equivariant transformation p 
preserving the representations a x (a^ x ) = a x ) to “equip” the Liick-Rosenberg 
Lefschetz number with one-dimensional representations and thus to define its 
version L G (p) as an element of the ring B(G). 

Let (V, p) be a pair consisting of a complex G-manifold V and a G- 
equivariant map p : V — > V such that a^ x ) = a x for all x G V. For an 
enhanced G-set X = (A", h, a) representing an element of the group 13(G), let 
Lx(h) G B(G ) be the equipped Lefschetz number corresponding to the trans¬ 
formation h of X considered as a zero-dimensional G-set equipped with the 
representations a x , x E X. 

Proposition 1 There exists a unique element X of the completion 13(G) of 
the enhanced Burnside ring B(G) such that 

L C x G{9 \gh m ) = L C v G{9 \gp m ) (3) 

for all m > 1 and g G G. 

Definition 4 The element X = (A", h, a) defined in Proposition Q] is called 
the enhanced Eider characteristic x G (V,p) of the pair (V,p). 

Remark 2 This definition is inspired by the definition of an equivariant zeta- 
function of a map from mi. In HU, there is a certain inaccuracy in the proof 
that the definition gives a well-defined object. 

Proof of Proposition [3 For a manifold V from the class under consideration 
the equivariant Lefschetz number L G (p) of a G-equivariant map p : V — * V 
is an element of the equipped Burnside ring B(G) represented by the (non¬ 
degenerate) fixed point set of a generic G-equivariant deformation p of p re¬ 
garded as a (virtual) G-set consisting of points with multiplicities ±1. Let us 


5 


take all the fixed points of the map gp m for all g G G and for all m < k. It 
is a finite (virtual) enhanced G-set, i.e. it represents an element of B(G). The 
limit of these sets for k —> oo yields an element of B(G) with the necessary 
properties. 

Let 

l(X,h,a)\ = a H,k,h,g[XH,k,h,a\- 

The coefficient at [(G/H,a)\ on the left hand side of Equation (J3]) for m — k 
and g — h is a linear combination of the coefficients a, including (only) 
a nonzero multiple of a Hkks and the coefficients a . with smaller k. This 
gives a triangular system of linear equations which has a unique solution (over 
the rational numbers; the representative described above guarantees that the 
solution is over the integers). □ 

Remark 3 One can see that an analogue of these arguments corrects the in¬ 
accuracy in the proof of m Proposition 1], From a formal point of view it is 
made here for manifolds. One can, however, extend it to CW-complexes using, 
e.g., the fact that they can be embedded into manifolds (“tubular neighbour¬ 
hoods”). 

If the G-equivariant map p : V —» V is of finite order, one has the following 
equation for f^iV^p). For H , k, h and a as above, let yPLkM) k e the set of 
points x G V such that G x = H , e[age a ,(p)] = a(g) for g G H , p l {x) ^ Gx for 
1 < i < k — 1, ip k {x) = hx. Then 

X°(V, v) = J2 x(y {HA ^/N a (H )). . ( 4 ) 

3 Orbifold zeta functions 

Let V be a complex manifold with a (complex analytic) action of the group G 
and let <p : V —> V be a G-equivariant map such that efage^^g)] = e[age a ,( 5 1 )] 
for g G G x . For an element g G G the map p preserves the fixed point set 
V 9 = {ic G V : gx = x} of g and is a GG(g)-equivariant map on it. For a root 
of unity f3 G C*, let V 9 ^ = {x G V 9 : e[age a .(p)] = /3}. The map p defines a 
map p g p : V 9,13 /Cc{g) —> V 9 ^/Cc{g)- The zeta function C^ 9/3 (^) °f this map 
depends only on the conjugacy class of g. 

For a series G l + tZ[[t]] (or for a rational function with V ; (0) = 1) 
and for a root of unity j3 G C*, let := 3 t ). Informally one can say 

that (i){t))p is obtained from ip(t) by multiplication of all the roots and/or the 
poles by /3, cf. the definition of in 

Definition 5 (cf. [TU| Definition 5.10], [SJ Equatio 3]) The orbifold zeta func¬ 
tion of the map p is defined by 

cs b vjt)= n iig. s w) ? - (s) 

[ffleConj G 0 
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Let X = (. X , h, a) be a locally finite enhanced G-set (representing an 
element of the ring 13(G)). For g E G and a root of unity f3 E C% let 
X 9,13 = {x E X : gx = x,a x (g) = (3} and let h 9t p be the induced map 
from X 9 ’ 13 /Cc(g) to itself. Let Ch gi/3 {t) £ 1 + tZ[[t]] be the zeta function of the 
map hg tj 3 considered as a map from the discrete topological space X 9,13 /Ca(g) 
to itself. (This zeta function is defined (as a series) due to the condition of 
local finiteness of the enhanced G-set X.) 

Definition 6 The orbifold zeta function of the element [A"] E B(G) is defined 
by 

$,«= n n G,M,> ■ <6) 

[<?]eConj G P 

One can see that (° rb (t) is an “additive to multiplicative homomorphism” 
to 1 + £Z[[i]], i.e. j (t) = (°£ b }(t) ' (t) for two enhanced G-sets Ad 

and X 2 . Therefore this definition can in an obvious way be extended to the 
Grothendieck ring 13(G): 


Proposition 2 For a complex G-manifold V and a G-equivariant map <p : 
V —> V such that e^ge^^g)] = e[age x (g)] for g E G x , one has 

(Z h vjt) = (£(t), 


where xg = Xg(V,<p). 

Proof. To know C,^ p (t), one needs to know the Lefschetz numbers of the 
iterates of on the quotient of the part of the fixed point set of (g) with 
a x (g) = P by the centralizer Cc(g). To know them it is sufficient to determine 
the fixed point sets of aq) k for all k and a E Cc(g). They are determined by 
the enhanced equivariant Euler characteristic xg and therefore the Lefschetz 
numbers of the iterates of ip g ^ (and thus the corresponding zeta functions) for 
(V, ip) and for an enhanced G-set (X, h, a) representing x° coincide. □ 

Now let G be abelian. In the sequel we will use a formula for the orbifold 
zeta function of the basic element [X Hkk B\ of the ring (group) 13(G). 

Lemma 1 For X = X Hkk ~, one has 

k\H\ 

£orb^ ^ £lcm(fc,m)^ lcm (k,m) 

where m = , lcm(-, •) denotes the least common multiple. 
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Proof. Recall that X Hk -^~ = (A", h, a), where A", h and a are described above 
(Section [21) - One can see that X 9 = X for g G H and X 9 = 0 otherwise. 
Moreover, X 9,13 = 0 for Q ^ a(g) and X 9,a ^ = X. Since G is abelian, one 
has C G (g) = G. The quotient X/G consists of k points permuted cyclically by 
the map X/G —y X/G induced by h. The (usual) zeta function of this map is 
1 — t k . Therefore one has 


= IT 1 - = IT 1 - • 

geH geH 


The kernel Kera of a : H —y C* is {g G H : a{g) = 1}. Therefore its image 
consists of all the mth roots of unity with m given by the equation above. The 
numbers ( a(g ))~ k , g G H, are all the roots of unity of degree i = gcd ^ k y , each 

one represented times. Therefore 




(1 -t ke ) 


\H\ 

t 


^ 


k\H\ 

lcm(fc,m) 


□ 


4 The enhanced equivariant Saito duality 

Let Q be a finite abelian group and let Bi(Q) be the subgroup of the enhanced 
Burnside ring B(Q) generated by the isomorphism classes of finite enhanced 
sets (X,h,a) such that h(x) G Qx for all x G A". (The subgroup B\{Q) 
is in general not a subring.) As an abelian group it is freely generated by 
the isomorphism classes of the enhanced fy-sets X H1 -^ m where h G Q/H , 
a G Hom(iL, C*). In this case h and a described in the definition of the 
enhanced (/-sets X H1 j- coincide with h and a respectively and therefore we 
shall use the notation Xham,o- 

Let Q* = Hom((/, C*) be the group of characters of Q. (As an abstract 
group it is isomorphic to Q, but not in a canonical way.) For a subgroup 
H C Q its dual subgroup H C Q* is defined by 

H = {7 G Q* : 7 (a) = 1 for all a G H} 

(see 0)- The factor group Q/H is canonically isomorphic to H* = Horn (H, C*) 
and the group of characters H* = Horn(Lf, C*) is canonically isomorphic to 
Q*/H. In this way the element h E Q/H (i.e. a (/-equivariant map Q/H ^ 
Q / H) defines a one-dimensional representation h of the subgroup H C Q* and 
the representation a of H defines an element a of the quotient Q*/H, i.e. a 
(/*-equivariant map Q*/H —> Q*/H. 
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Definition 7 The enhanced equivariant Saito duality for the group Q is the 
group homomorphism Dg : Bi{Q ) — > Bi(Q*) defined (on the generators) by 

D g (X Hxh)0l ) = . 

One can easily see that Dg * o Dg = id. 

In the sequel we will need the following fact. Let a G Hom(iJ, C*) be a 
one-dimensional representation of a subgroup H of Q with the kernel Ker a = 
{g G H : ot(g) = 1} and let a be the corresponding element of Q*/H. By 
abuse of notations let a be also a representative of a in Q*. 

Lemma 2 The subgroup Ker a of Q* dual to the kernel Ker a of the represen¬ 
tation a is (a) + H, where (a) is the subgroup generated by a. 


Proof. Recall that the canonical pairing between a finite abelian group and 
the group of its characters (with values in the set of roots of unity) is denoted 
by (•, •).. We have to show that 

(a) + H — Ker a = {oj G Q* : (oj, g)g = 1 for all g G Ker a } . 


The element a G H* = Q* / H corresponding to a is defined by ( a,g)n = 
ot{g) for all g G H. Therefore ( 5 ,g)u = 1 for g G Ker a. Elements of H pair 
with all the elements of H (and thus of Ker a C H) with value 1. Therefore 

(a) + H C Ker a. 

On the other hand, let to be an element of Q* such that (c a,g)g = 1 for 
all g G Ker a. As a function on H, (cu, »)g is a power, say a s , of a (since the 
image of ct is a cyclic subgroup of C*). This means that oj = a s mod H. □ 

Let G be a subgroup of Q and let G be the dual subgroup of Q*. A Q- 
set X can be considered as a G-set, a (/-equivariant map A" —> X is at the 
same time G-equivariant, a one-dimensional representation a x of the isotropy 
subgroup Q x defines (by restriction) a one-dimensional representation of the 
isotropy subgroup G x = Q x D G. This defines a natural (ring) “reductiom 
homomorphism Rq : B(Q) —> B(G). 

Theorem 1 For an element X G B\{Q), one has 



(7) 


Proof. We can verify (J7J) for the generator X = X < f 11 ha — (X, h , a) of B\{Q). 
The isotropy subgroup of any point of X considered as a G-set is G D H. Let 


k 


rnin^ > 0 : h l G (G + H)/H} 


| (h) + G + H 
\G + H\ 
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One has R%[X] = 'g [^g >fcifeV|Gn J- By Lemma □ one has 

|Gn£T| 2 l6 

^•orb ^ _ ^lcm(fc,m)^ lcm(fc,m)-|G| |-tf| 

where m = J Gn ^L . One has Dg\X] = A"?* Therefore 

|Ker aC\G\ * L J H,l,a,h 

|Gn-g| 2 |g*| 

Aorb /1\ _ (-I tlcmffc',rra')\ lcm(fc',m , )-|G|-|#| 

^|*d 6 [ x]W- l, 1 "* ) 


(8) 


(9) 


where k 1 


|(5)+G+ff| 

|G+H| 


m' 


|Gn#| 
IKerhnGI ' 


The subgroup of Q* dual to G C\H C Q (in the numerator of m) is G + H (in 
the denominator of k'). Due to Lemma [2] the subgroup of Q* dual to KeraflG 
(in the denominator of m ) is (a) + G + H (in the numerator of k'). Therefore 
k' = m. In the same way m' = k. Therefore the exponents lcm(/c,m) and 
lcm (k',m') in ([HD and (JHD coincide. Using the fact that \G 0 H\ = j^ryjfj, it is 
easy to show that the other exponents in (JHJ) and ([HD coincide as well. □ 


5 Enhanced Saito duality for invertible poly¬ 
nomials 

Let / be an invertible polynomial in n variables aq, ..., x n . This means that 
/ is a quasihomogeneous polynomial of the form 

n n 

f(x i, ...,x n ) = ^2 a iY[ x f ij , 

i=i j =i 

where a* are non-zero complex numbers, E,j are non-negative integers such 
that the matrix E = ( Eij ) is non-degenerate. The group of the (diagonal) 
symmetries of / is 

Gf = {A = (Ai,..., A n ) e (C*) n : /(Aixi,..., X n x n ) = f(x 1 , ...,x n )}. 

One can see that Gf is an abelian group of order | det E \. The action of the 
group G f on C n ((Ai,..., A n ) * (x h ... ,x n ) = (AiXi,..., \ n x n )) defines the 
corresponding one dimensional representation of Gf on the exterior power 

A" C" = C: a f ( Ai,..., X n ) = X 1 ■... • A n for (A 1; ..., A n )eG f . 

The Minor fibre Vf = {a; G C n : f(x) = 1} of the (quasihomogeneous) 
polynomial / is a complex manifold of dimension n— 1 with the natural action 
of the group Gf. The polynomial / is quasihomogeneous with respect to the 
rational weights q \, ..., q n defined by the equation 

E.(q u ...,q n ) T = (l,...,l) T , 
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i.e. /(e[gir]xi,..., e[q n r]x n ) = e[r]f(x i,.. .,x n ). The element h f = (e[qir ),... ,e[q n r}) G 
(C*) n belongs to the group Gf and represents the classical monodromy trans¬ 
formation of the polynomial /. It is also called the exponential grading opera¬ 
tor. 

The Berglund-Hiibsch transpose of / is 

n n 

fix 1 , . . . , x n ) = a i II X j ji ■ 

i=1 j=l 

The group Gj of symmetries of / is in a canonical way isomorphic to the 
group G*j = Hom(G/,C*) of characters of Gf (see, e.g., [8], Proposition 2]). 

For a subgroup G of Gf, one has the (Berglund-Henningson) dual subgroup 
G of Gj = G*f defined above. One has the following relation between the pair 
( hf,a.f ) for the polynomial / and the pair ( hj,aj ) for /. 

Proposition 3 Under the identification G*f = Gj, one has aj = hf, hj = «/. 

Proof. The canonical pairing between Gj and Gf is defined by 

(A, h) = e[(ri,.. ■ ,r n )£(si,... ,s n ) T ], 

where A = (e[ri],..., e[r n ]) G Gj, p = (e[si],..., e[s n ]) € Gf. The exponen¬ 
tial grading operator hf = (efgij,..., e[g n ]) G Gf is defined by the equation 
E(qi ,..., q n ) T = (1,..., 1) T . Therefore, as a function on Gj, it is equal to 
(A, hf) = e [ r i + • • • + r n \ = Ai •... • A n , A ^ Gj, and thus coincides with aj. □ 

Let (Vf, hf) G 13(Gf) be the enhanced Euler characteristic of the pair 
( Vf,hf ). Since hf G Gf, one has (Vf,hf) G Bi(Gf). 

The described situation is somewhat special. Namely, for an arbitrary finite 
enhanced G/-set (. X, h, a) representing an element of Bi(Gf), a x is a represen¬ 
tation of the isotropy subgroup (Gf) x depending on x, h can be considered as 
an element h x of Gf/(Gf) x (also depending on x). Here we have a universal 
representation af of Gf and also a distinguished element hf G Gf so that a x 
and h x are the corresponding reductions of af and hf respectively. This per¬ 
mits to define the reduced versions of the enhanced Euler characteristic and 
of the orbifold zeta function. 

Definition 8 The reduced enhanced Euler characteristic of ( Vf,hf) is 

X° f (V f , h f ) = x Gf (Vf, h f ) - [(pt, id, a f )]. 

The reduced enhanced Euler characteristic of (Vf, hf) can be regarded (up 
to sign) as an enhanced equivariant Milnor number of the polynomial /. 

Let G be a subgroup of Gf. 
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Definition 9 (cf. P, Definition 3]) The reduced orbifold zeta function of the 
G-equivariant polynomial / is 


—orb 


C/,gW — C G,Vf,h f (t) 



t)af(g) 


The reduced orbifold zeta function C/,gW can t> e regarded as the orbifold 
characteristic polynomial of the classical monodromy of / (or the inverse to it 
depending on the number of variables). 


Remark 4 The reduced versions of the enhanced Euler characteristic and of 
the orbifold zeta function cannot be defined in the general setting since there 
is no distinguished one-dimensional representation. 


Theorem 2 One has 

f } (V r ,h~) = . 

Proof. For a subset / C / 0 — {1, 2,..., n}, let 


(C *) 7 := {(aq,..., x n ) G C n : aq ^ 0 for i G I, aq = 0 for * ^ 1} 

be the corresponding coordinate torus. Let Z n be the lattice of monomials 
in the variables aq, ..., x n (an n-tuple (ki,..., k n ) G Z n corresponds to the 
monomial ■ x f f n ), let Z 7 := {(Aq,..., k n ) G Z n : ki = 0 for i /} and 

let supp / C Z n be the set of monomials (with non-zero coefficients) in the 
polynomial /. 

The monodromy transformation hf respects the partitioning of C” into the 
tori (C *) 1 and therefore one has 

X G \V fl h f ) = ^2x Gf {Vf, h f) ~ [(pt, id, a f )}, ( 10 ) 

iclo 

where Xi f (Vf, hf) is the element of B(Gf ) represented by the triple (yq, hf, af), 
where Xi i s a representative of the equivariant Euler characteristic x Gf (V/ D 
(C*) 7 ) G B(G). In the proof of Theorem 1 in [|S] it is shown that: 

1) if |supp/ fl Z 7 | 7 ^ |/|, then |supp/ fl Z 7 | ^ |/| (I — I 0 \ I) and both Xf 
and xj are equal to zero; 

2) if / is a proper subset of J 0 and |supp /flZ 7 | = |/|, then |supp /flZ 7 | = |/| 
and the elements Xf G B{Gf ) and Xj £ B(Gj) are (up to the sign (—l) n ) 
dual to each other in the sense of the equivariant (non-enhanced) Saito 
duality Dc f ', 
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3) the element X/° G B(Gf) is (up to the sign (—l) n ) Saito dual to (—1) E 

5(G 7 ). 

Together with Proposition [3] this implies the enhanced Saito duality (up to 
sign) between the summands in (TTOl) and the corresponding summands in the 
same equation for /. □ 

Theorems Q] and [2] imply [9] Theorem 1]. 

Corollary 1 One has 

—orb , . /—orb, , 0 

C/,g( 0 = (c /lG w) 
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